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Abstract. In this work we analyse the effects of quantum decoherence upon the precession
of the neutrino polarization vector in a supernovae-like environment. In order to perform
the study we have determined the time-dependence of the polarization vector by solving
the equation of motion for different neutrino-mixing schemes. The results of the calculations
show that the onset of decoherence depends strongly on the parameters of the adopted mixing
scheme. As examples we have considered : a) the mixing between active neutrinos and b) the
mixing between active end sterile neutrinos.
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1 Introduction
The study of neutrinos produced in scenarios of astrophysical interest is a cross disciplinary
subject which relates aspects of cosmology, particle and nuclear physics. Neutrinos pro-
duced in different processes such as relic neutrinos, supernova neutrinos, neutrinos produced
in micro-quasar’s jets, among others, might arrive to Earth without being affected by local
interactions. They exhibite oscillations in flavor, a phenomena predicted long ago by Pon-
tecorvo. The review of Ref.[1] gives a nice and rigorous introduction to the subject. The
parameters which are associated to neutrino oscillations have been determined experimen-
tally [2–6], thought the absolute scale of the neutrino mass is still unknown. This value can
eventually be determined if the neutrinoless double beta decay is observed [7].
From quantum mechanics one can determine the evolution of pure states into mixed
states due to interactions with a background [8, 9]. Therefore, and due to the quantum
nature of neutrinos, it is expected that decoherence can modify the neutrino’s wave packet in
their way from the source to the detectors [8–12].
In this work we focus our attention in the study of the effects due to decoherence acting
on neutrinos produced in supernovae, for different neutrino-mixing schemes. In Ref. [13]
we have studied the onset of decoherence on the spectrum of neutrinos produced in micro-
quasar jets. The calculation was performed using two active neutrinos and in the one-active
plus one-sterile neutrino (1 + 1)-scheme. In this work we have extended the formalism of
Ref. [11] in order to include three neutrino states. As initial distribution function we have
used a Fermi-Dirac with values of temperature and mean energy adequate to the supernova
environment [14, 15]. We have considered free as well as interacting neutrinos.
The work is organized as follows. In Section 2 we briefly introduce the formalism needed
to calculate the time evolution of the energy spectrum for the superposition of three neutrino-
mass eigenstates. In Section 3 we describe the interactions and initial conditions used to
calculate the time evolution of the polarization vector in presence of decoherence in the three
active neutrinos scheme and 2 + 1-scheme (two active plus one sterile neutrinos). The results
of the calculations are presented and discussed in Section 4. Our conclusions are drawn in
Section 5.
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2 Formalism
The time evolution of the occupation number of neutrinos is governed by the equation of
motion [11]
ıρ˙f =
[
M2c4
2E~
+
√
2GF (~c)3
~
ρ, ρf
]
, (2.1)
where the squared brackets reads for the commutator, the dot represents the time derivative
and M2c4 is the mass-squared matrix in the flavor basis. The density matrix in the flavor
basis is ρf , and ρ is a matrix whose diagonal terms are the neutrino number densities, E
stands for the neutrino energy and GF is the Fermi constant.
Given an unitary mixing matrix U , which relates the mass-eigenstates with the flavor-
eigenstates, one can write the mass-squared matrix in the flavor basis as
M2c4 = m21c
4I3 +
(
m23 −m21
)
c4
 ∆U212 + U213 ∆U12U22 + U13U23 ∆U12U32 + U13U33∆U12U22 + U13U23 ∆U222 + U223 ∆U22U32 + U23U33
∆U12U32 + U13U33 ∆U22U32 + U23U33 ∆U
2
32 + U
2
33
 ,
where I3 is the 3×3 identity matrix,mi stands for the mass of the i-eigenstate and ∆ = m
2
2−m21
m23−m21
.
This matrix can be written in terms of the Gell-Mann matrices λi as
M2c4 =
1
3
Tr
(
M2c4
)
I3 +
(
m23 −m21
)
c4
2
B¯ · λ¯ . (2.2)
By comparing the two previous equations one obtains the expression of the vector B¯, which
in matrix form reads
B¯ =

2 (∆U12U22 + U13U23)
0
∆
(
U212 − U222
)
+ U213 − U223
2 (∆U12U32 + U13U33)
0
2 (∆U22U32 + U23U33)
0√
3
(
∆
(
1
3 − U232
)
+ 13 − U233
)

. (2.3)
The matrix ρf can be expressed in terms of Gell-Mann matrices λ as:
ρf =
1
3
Tr (ρf)I3 +
1
2
P¯w · λ¯ . (2.4)
In the previous expression P¯w is the polarization vector in the flavor basis. With the use of
Eq. (2.1) it is transformed into
˙¯Pw =
(
wB¯ + χ P¯
)× P¯w , (2.5)
where w = ∆m
2
31c
4
2E~ , and ∆m
2
31c
4 = m23c
4 −m21c4 is the mass-squared difference between mass
eigenstates. The vector P¯ =
∫
P¯w dw is the total (or global) polarization vector. The cross
product is the inner product between two vectors with the structure constant of the SU(3)
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group. The vector B¯ fixes a certain orientation of the background (Eq. (2.3)). The parameter
χ stands for the strength of the neutrino-neutrino interaction [11]. The initial condition for
P¯w, is given by
P¯w(0) =

0
0
gνe(w)− gνµ(w)
0
0
0(
gνe(w) + gνµ(w)− gντ (w)
)
/
√
3

, (2.6)
where gνe , gνµ and gντ are the electron, muon and tau-neutrino spectral normalized functions.
These distribution functions are defined in Section 3.
The quantity which measures decoherence is the order parameter R(t) which is defined
as the length of the component of P¯ perpendicular
(
P¯⊥(t)
)
to the vector B¯ normalized at
t = 0. In this way
R(t) =
∣∣P¯⊥(t)∣∣∣∣P¯⊥(0)∣∣ . (2.7)
For the case of three active neutrinos the mixing matrix reads
U =
 c12c13 s12c13 s13−s12c23 − c12s23s13 c12c23 − s12s23s13 c13s23
s12s23 − c12c23s13 −c12s23 − s12c23s13 c13c23
 , (2.8)
where cij and sij stand for cos θij and sin θij respectively. For the 2 + 1-scheme we have used
U =
 c12c14 s12 c12s14−s12c14 c12 −s12s14
−s14 0 c14
 , (2.9)
and, in this case, the frequency is defined as w = ∆m
2
41c
4
2E~ .
3 Neutrino spectra
For the calculation of the factor of decoherence we have used Gaussian-like functions to model
the interactions between neutrinos. We assume that the interactions depend on the frequency
of the interacting neutrinos [11, 13].
3.1 Gaussian spectrum
The spectra of the electron and muon-type neutrinos are given by the functions
gνe(w) =
1
2
√
2pi
e−(w−5)
2/2 +
1
2
√
2pi
e−(w+5)
2/2 ,
gνµ(w) =
1
2
√
2pi
e−(w−6)
2/2 +
1
2
√
2pi
e−(w+6)
2/2 ,
gντ (w) = 0 , (3.1)
which are non-overlapping functions of the frequency.
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3.2 Supernova neutrino spectrum
Neutrinos produced in a supernova core-bounce obey a Fermi-Dirac distribution function
ρνα(E)dE =
1
pi2 (~c)3
dE E2
1 + eE/Tνα
, (3.2)
where the temperature Tνα is related to the mean energy of the α-neutrino specie (να) Tνα =
〈Eνα〉 /3.151. The values of the mean energies were extracted from Ref. [14, 15], that is
〈Eνe〉 = 10 MeV, 〈Eνe〉 = 15 MeV and 〈Eνx〉 = 〈Eνx〉 = 24 MeV, where the sub-index x
represents the muon or tau-neutrino.
The distribution functions of neutrinos of a given flavor, as function of the frequency,
are written:
gνe(w) =
1
pi2 (~c)3
(
∆m231c
4
2~
)3
1
w4
1
1 + e∆m
2
31c
4/(2~Tνe,νe |w|)
,
gνµ(w) =
1
pi2 (~c)3
(
∆m231c
4
2~
)3
1
w4
1
1 + e∆m
2
31c
4/(2~Tνµ,νµ |w|)
,
gντ (w) =
1
pi2 (~c)3
(
∆m231c
4
2~
)3
1
w4
1
1 + e∆m
2
31c
4/(2~Tντ ,ντ |w|)
. (3.3)
These functions are normalized to the total neutrino density
nν =
∫ ∞
−∞
(
gνe(w) + gνµ(w) + gντ (w)
)
dw . (3.4)
The positive (negative) values of w in the integral of Eq.(3.4) give the contribution of neutrinos
(anti-neutrinos) to the neutrino density. For the calculations in the 2 + 1-scheme we have
assumed that initially there is not sterile neutrinos in the supernova environment, and in
Eqs.(3.3) the factor ∆m231c4 is replaced by ∆m241c4.
4 Results
To compute the order parameter R, we have considered two different scenarios: i) three active
neutrinos and ii) two active neutrinos and one sterile neutrino, as said before. The neutrino
mixing parameters were extracted from Ref. [16]
∆m221c
4 = 7.53× 10−5 eV2 ,
∆m231c
4 = 2.45× 10−3 eV2 ,
sin2 θ12 = 0.307 ,
sin2 θ23 = 0.510 ,
sin2 θ13 = 0.021 . (4.1)
For the 2 + 1-scheme scenario we have used different values of the mass square difference and
the mixing angle. As initial condition, for this scheme, we assume that sterile neutrinos are
not produced in the supernova, as said before.
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4.1 Gaussian spectrum
We have calculated the order parameter for the Gaussian-like distribution functions presented
in Section 3.1. In Fig. 1 we show the results for the parameter R as a function of time using
two different values of the neutrino interaction χ. If the neutrino interaction is turned off
the order parameter acquires a non-zero, almost constant value value of (R ∼ 0.28). If one
activates the neutrino-neutrino interaction the decoherence reduces, that is R acquires a
higher value at large time ((R ∼ 0.4). Thus, the length of the vector P¯⊥ increases with the
strength of the neutrino-neutrino interaction.
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Figure 1. Order parameter for Gaussian-like distribution functions, as a function of time for two
different values of the neutrino interaction χ considering three active neutrinos. Solid line: χ = 0,
dashed line: χ = 1 s−1.
The results of the inclusion of a sterile neutrino in the computation of the order param-
eter (2 + 1-scheme) are shown in Figure 2. In the left inset of Figure 2 we present the results
for ∆m241c4 = 1 eV
2 and sin2 θ14 = 0.1 for different values of the interaction χ. Once again,
the larger the value of χ, the larger the value of the order parameter. In the right inset of Fig.
2 we show the effect of the variation of the mixing angle upon the length of the vector P¯⊥.
In all the cases, the order parameter decreases its value with time, however the final value is
strongly dependent on the active-sterile neutrino mixing angle.
4.2 Supernova neutrino spectrum
Here we present the results for the order parameter calculated by using the Fermi-Dirac
neutrino spectral functions of Section 3.2. We show the length of the vector P¯⊥ in Figure 3
for the three active neutrino scheme. As one can see, the order parameter is reduced to 0.36 if
neutrino-interactions are neglected. When the interaction is turn on, the polarization vector
oscillates towards an asymptotic non-zero value which increases with χ (the strength of the
neutrino-neutrino interactions). The values of χ given in the figure are scaled to the values
of the corresponding ω (see Eq.(2.5)).
The results of the calculations of R in the 2 + 1-scheme for two different values of the
mass square difference are shown in Figure 4. The left inset corresponds to ∆m241c4 = 1 eV
2,
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Figure 2. Order parameter factor as a function of time for Gaussian-like distribution functions in
the 2 + 1-scheme. The square mass difference for both figures is ∆m241c4 = 1 eV
2. Left figure: the
mixing angle was fixed at sin2 θ14 = 0.1 and the value of χ is variable (solid line: χ = 0; dashed line:
χ = 1 s−1; dotted line: χ = 3 s−1). Right figure: the neutrino interaction is turned off (χ = 0), and
the value of the mixing angle is variable (solid line: sin2 θ14 = 0.01; dashed line: sin2 θ14 = 0.1; dotted
line: sin2 θ14 = 0.5).
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Figure 3. Order parameter computed in the three active neutrino scheme, as a function of the time
for different values of the neutrino interaction χ. Solid line: χ = 0; long dashed line χ = 104 s−1;
small dashed line χ = 5× 104 s−1; dotted line χ = 105 s−1.
the right inset represents the results with ∆m241c4 = 5 eV
2. We have used different mixing
angles and null neutrino-neutrino interactions in both calculations. If the mixing angle is
pi/2, the value of the order parameter is 0.69 for the lower mass square difference, and 0.63
for the larger value of ∆m241c4. If the mixing angle is smaller, the order parameter acquires
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a higher value.
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Figure 4. R(t) calculated in the 2+1-scheme without neutrino-neutrino interactions, and for different
values of the mixing angle. Left figure: ∆m241c4 = 1 eV
2; right figure: ∆m241c4 = 5 eV
2. Solid line:
sin2 θ14 = 0.01; long dashed line: sin2 θ14 = 0.1; small dashed line: sin2 θ14 = 0.5; dotted line:
sin2 θ14 = 1.
In Fig. 5 we present the results of R for two different mixing angles (left inset: sin2 θ14 =
0.5, right inset: sin2 θ14 = 1) in the 2 + 1-scheme, for different values of the strength of the
neutrino-neutrino interaction and ∆m241c4. When the neutrino interaction is turned off, the
reduction of the length of the vector P¯⊥ is higher than the case with χ 6= 0.
5 Conclusions
In this work we have studied the effects of decoherence upon neutrino distribution functions
for neutrinos produced in a supernova-like environment. This analysis was performed by
extending the formalism presented in Ref. [11]. Knowing the initial distribution function
we have calculated the evolution of the polarization vector P¯ and consequently of the order
parameter R as a function of time for different neutrino-schemes.
For the case of neutrino’s Gaussian distribution functions, which model the density of
neutrinos in the interior of the supernova, we have found that the polarization vector is reduced
and oscillates around a non-zero value. The larger the value of the strength of the neutrino-
neutrino interactions the larger is the asymptotic value of the polarization vector. Naturally,
the asymptotic value of the polarization vector depends on the mixing-angle between neutrino
mass eigenstates.
This pattern appears also in the case of neutrinos produced in a supernova-like environ-
ment. If one sterile-neutrino specie is included in the calculations the effect is reduced and
it becomes strongly dependent on the mixing angle and the squared mass difference. When
a sterile neutrino is oscillating with a light active-neutrino the effects of the collective oscil-
lations become noticeable at very small times, since the maximum value for the frequency w
is quite large due to the mass difference, as it is the realistic strength of neutrino-neutrino
interactions.
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Figure 5. Order parameter calculated in the 2 + 1-scheme as a function of time for different values
of the active-sterile neutrino oscillation parameters and neutrino-neutrino interaction. Left figure:
sin2 θ14 = 0.5; right figure: sin2 θ14 = 1. Solid line: ∆m241c4 = 1 eV
2 and χ = 0; long dashed line:
∆m241c
4 = 1 eV2 and χ = 109 s−1; small dashed line: ∆m241c4 = 5 eV
2 and χ = 0; dotted line:
∆m241c
4 = 5 eV2 and χ = 109 s−1.
The trend of the results suggests that the asymptotic value R ≈ 1 may be reached when
realistic values of strength of neutrino-neutrino interactions are used.
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